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An Investigation of Finite-Size Scaling
for Systems with Long-Range Interaction:
The Spherical Model

Jordan G. Brankov' and Nicholai S. Tonchev?

Received September 13, 1989, revision received January 12, 1990

A method is suggested for the derivation of finite-size corrections in the ther-
modynamic functions of systems with pair interaction potential decaying at
large distances r as r~¢~°, where d is the space dimensionality and o> 0. It
allows for a unified treatment of short-range (6 =2) and long-range (¢ <2)
interaction. The asymptotic analysis is illustrated by the mean spherical model
of general geometry L4~ x o0 subject to periodic boundary conditions. The
Fisher-Privman equation of state is generalized to arbitrary real values of d> o,
0<d’' <o. It is shown that the e-expansion may be used to study the breakdown
of standard finite-size scaling at the borderline dimensionalities.

KEY WORDS: Finite-size scaling; long-range interactions; spherical model;
g-expansion.

1. INTRODUCTION

Finite-size scaling for systems with long-range interactions decaying at
large distances r as r~“?"° where d is the space dimensionality and
0 <0 <2 is a parameter, was first studied by Fisher and Privman.) Since
the traditional approach®® cannot be used in this case, Fisher and
Privman" suggested an alternative approach based on direct evaluation of
the closeness of certain d-fold sums to the corresponding d-dimensional
integrals.

A crucial point of the approach®® is the reduction of the
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d-dimensional problem to an effectively one-dimensional problem. In the
case of short-range interactions this is achieved with the aid of the identity

(A+q2)’1=£)w diexp(—An) exp(—g*1)  (A30) (1.1)

In this case of long-range interactions it is necessary to find an analogue of
(1.1) for the propagator [4 + (¢*)**] "' which appears in the evaluated
finite sum instead of the left-hand side of (1.1). The way to the required
generalization becomes clear if we regard the identity (1.1) as a Laplace
transformation of the function exp(— Ar). Then we may write, instead of

(L1),

[A+(g)P] " = [ dr Zp(d, D exp(—g) (12)

With some ingenuity, a number of results can be obtained”) even if the
explicit form of #,,(4, t) remains unknown, by just using the fact that it
is a Laplace original of the left-hand side of (1.2). A further step in this
approach® is the realization of the fact that F,0(A4, t) is expressible in
terms of Mittag-Leffler-type functions, the analytical properties of which
have been studied in detail.®) By making use of these properties, we may
easily study in the most general form finite-size effects in models with long-
range interactions.

Traditionally, various ideas and methods in the theory of finite-size
scaling are tested by the example of the mean spherical model,""® or the
lattice O(n) model in the n — oo limit, which is the simplest model exactly
solvable at any space dimensionality d. In refs. 7 and 8 we investigated
finite-size scaling in the critical region of the d-dimensional mean spherical
model in fully finite (block) geometry, with arbitrary interaction potential
the Fourier transform of which has a leading-order long-wavelength expo-
nent o, 0<o <2 In ref 7 we reported a new derivation of the critical
finite-size scaling equation for the spherical field in the Fisher—Privman
form,™) which provides a very natural basis for deriving useful asymptotic
expressions. However, our consideration there was confined to the case
o0 <d<20. In ref. 8, a new analytical technique based on integral transfor-
mations with Mittag-Leffler-type kernels was used to derive the finite-size
scaling function for the free energy of the mean spherical model subject to
the same restrictions: fully finite geometry and o <d < 2.

In the present paper the approach suggested in refs. 7 and 8 is
developed for the study of the most general case: (a) geometry LY~ ¢ x c0?'
with periodic boundary conditions imposed along the d* = d— d' finite-size
directions, d and d' being arbitrary real parameters, 0 <d’<d; (b) the
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relative magnitudes of ¢ and ¢ are such that the studied domain includes
the upper critical dimension d = 20 as well as the mean-field regime d> 2g.
This general case is interesting not only from the conceptual point of view,
but for practical reasons as well, since logarithmic and mean-field effects
violating the standard finite-size scaling’*!* become observable at the
physical dimensionalities d =1, 2, 3, provided a sufficiently small value of &
is realized. Moreover, the investigation for general real values of 4 and ¢
sheds light on the use of the s-cxpansion in the finite-size scaling theory.
For a discussion of the latter problem see refs. 2, 3, 5, and 6.

Let us introduce some concepts and notations. The Hamiltonian of the
model is defined on a finite d-dimensional lattice £, y=L; xL,x --- L, of
N= Hj’xl L; sites, subject to periodic boundary conditions so that interac-
tions with repeated images of the system are taken into account.'*) As is
well known, the exact partition function of the mean spherical model is
given by the expression (see, e.g., ref. 13}

BHN

Zn($1 B, H) =™ [ d
’ B BTV

Here
q={2np,/L,,.., 2np,/L,}, p,=0,+1,.(mod L,), k=1,.,d

and J(q) is the Fourier transform of the pair interaction potential, which
in the case of long-range interactions decaying at large distances 7 as

—d—o

r , with ¢ >0, has the long-wavelength asymptotic form
J(q) = J(O0)(1—p, |q|") ' (14)

The usual nearest-neighbor interaction corresponds to ¢ =2. In Eq. (1.3),
p>0 is the inverse temperature, He R’ is an external magnetic field, and
the spherical field ¢ obeys the equation

}1;1{%ﬁ[ﬂoxmwﬂqn}'m (13)

oo J(0){1—[H/p,J(0)§1*} = W{AP) (15)
where ¢ =¢/p_ and in the long-wavelength approximation
WEH=N"Y (F+1q/7)" (1.6)

From previous investigations™'?) it is known that the critical proper-
ties of the model in the thermodynamic limit are determined by the
asymptotic behavior of the Watson type integral in the long-wavelength
approximation,

b4
f‘

Waol®)=@n)~ |- [d% (F+1q7) " (1.7)

when § - 07,
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In the theory of critical finite-size scaling it is essential to evaluate the
asymptotic behavior of the function (1.6) for large L; and finite values of
the parameter

y=g¢YL/2x, L=(ﬁ Lj>1/d (1.8)

Henceforth the function (1.6) will be referred to as the finite-size Watson
function.

2. LARGE-L ASYMPTOTIC FORM OF THE
FINITE-SIZE WATSON FUNCTION

The asymptotic form of the finite-size Watson function (1.6) when
L;— oo in the block geometry, y finite, has been analyzed in refs. 7 and 8
in the case of 6 <d<26, 0<0<2, L;=L, j=1,.,d Here we present an
approach which allows one to treat in a unified way the general case when
the system is infinite in d’ dimensions and finite in d* =d — d’ dimensions,
including the borderline cases d= o/, { being a positive integer. Four steps
are taken in this approach.

A. Using the identity

(142°)"L =j dx e X 2E , o(—x7?) (2.1)
o]

where E, 4(z) is the Mittag—Leffler function (some useful properties of these
functions are summarized in Appendix A of ref. 8)

o Zk

E“’B(Z):kgom (OC>0) (22)

we obtain for the finite-size Watson function

B =3 [ 11 0,637 |3 Bl —x) (23)

where

L—1)2 2
O@=L" % exp[—a<@)J (24)

n= —(L—1)/2 L
In the case of L4 x o? geometry of the system, Eq. (2.3) takes the form

W(L) (a)_ad'/a—lfwd 572/0 i
aao\P) =g || x [Q(x )]

X [P(rxPgHe)} 4 xtom RTNE ), o(—x7) (25)
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where @(-) is the error function and we have taken into account that ., =
++- = Lg«=L, while the limit L; » oo for j=d* +1,.., d was taken, with
the result

1 n ,
lim QLj(a)zgj dx ™ = (4na) ™' B(na'?)

L;—>

In expression (2.5) the functional dependence on the dimensions & and d’
is explicitly shown. It allows one to treat 4 and d’ as real numbers (not just
integers).

Step A reduces the problem of evaluating the asymptotic behavior of
the (d* =d—d')-dimensional sum (1.6) to the corresponding one-dimen-
sional problem for the sum (2.4).

B. We continue the function exp[ —a(2nn/L)*] from the interval
ne [ —L/2, L/2] to the rest of the real line R' periodically with respect to
the wavenumber g =2znn/L, with period 2z. This trick allows us to use the
Poisson summation formula for periodic functions®

(12 2nn 2 odg ,
L! G <-—) = — G(g) e“'* 2.6
"= 4%— 12 L 1:2-—30 J—ﬂ 2n @ (26)

where G(g) = G(g+ 2n) for each g. With the aid of Eq. (2.6) we obtain

Q,(a)~ (4na) /2 [¢(7m1/2)+ il exp(~12L2/4a)] (2.7)

/= —co

where the primed summation denotes that the term with /=0 has been
omitted. The large-L asymptotic equality (2.7) is justified by the fact that
in the exact expression the error function corresponding to the terms with
[#0 has the argument”®

z=na"?+ 3ilLa='"?

and therefore tends to unity exponentially fast when L — co.
Next, upon raising both sides of (2.7) to the power d*, one makes the
second approximation

[QL(CI)]"*2(47W)”’*/2{[‘15(%(1”2)]"*1L )N ex13(—L’2142/4a)} (2.8)

lezd*
which follows if in all terms of the form

[D(ra'?)]™ exp(—12L%/4a) (2.9)
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with 1 Sm<d*—1 and /=l #0 one replaces the error function ®(na'?)
by unity. This approximation is legitimate since the exponential function in
(2.9) cuts off the contribution from small values of a.

We emphasize that the two approximations made in Egs. (2.7) and
(2.8) are the only approximations connected with the finite but large
enough size of the system.

By substituting (2.8) in expression (2.5) we obtain

WEr o) =Waeo@)+ Wy () (2.10)

where the bulk contribution [see Eq. (1.7)] has been separated from the
finite-size one. For the latter we obtain

djo — 1 s _nzyzlz
WP = drexp (2
d.d 5(5) (4727)d/2 Iezz:d* JO p X
Xx(aid)/z_1Ea./2‘0./2(_xa/2) (211)

It is convenient to introduce the function

d2,,d—~¢ 2,272
_ y I e -y {
F,..(0=—02ny) "+——r dx ex <———>
ad,o() (2my) 2n)° IEZZ"'JO p X
X xCTDRTNE (= x7) (2.12)

with the aid of which Eq. (2.11) may be written in the form

W L (@)= (BL) '+ L™ F 4 ($"°L/2m) (2.13)
We note that for d=3, d’ =0, and ¢ =2 the function (2.12) simplifies
to
1 ’
Fy0200) =1~ > I exp(—2myl)— (2my) ? (2.14)
ez

The next two steps are connected with identical transformations of the
lattice sum in the right-hand side of Eq. (2.12). The identities thus obtained
generalize the following identity due to Chaba and Pathria¥:

, t C 2
S I lexp(—2npl)~— = 4 2my— - ¥ 172124 )
1ez? ny n 1e 7}
where C, is a universal constant. The representation given by the right-
hand side of the above equation is especially convenient for small values
of y.
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This step makes use of the Poisson summation formula in order to
separate the bulk contribution from the finite-size one. The approximations
of large L are localized in the derivation of the asymptotic equalities (2.7)
and (2.8). As a result of these approximations the whole dependence on the
finite size L of the system enters through the characteristic combination
y=@"L/2n [see Eq. (2.11)].

. The application of the Jacobi identity

Alu) = (g)l/z A <%2> (2.15)

A(u) = i e’ (2.16)

/= —0

where

to the sum in the right-hand side of Eq. (2.12) yields the result

Fuao(y)=DY)(2my)" =7 — (2ny) 7

1472 o

(2m)? Jo

x I:Ad*(u)~<g—>d*/2— 1] (2.17)

where {for 0 <d' <o)

+ duu®=VE (= y7ut?)

) ’ d/ -1
DY =g {(4n)d/21"<%)asin —”J (2.18)

g

For d=4, d'=0, and 0=2, when E, (z)=exp(z), Eq. (2.17) reduces to
the function F,(y) introduced earlier by a number of authors in finite-size
scaling theory. 1517

In step C we make use of the Poisson identity (2.15) in order to trans-
form the representation (2.12) of the finite-size contribution into another
form, Eq. (2.17), which is more convenient for small y.

We note that an alternative approach, avoiding the use of the Jacobi
identity, has been suggested in ref. 8.

D. The identical transformations in this step separate explicitly the
first few leading-order terms in y — 0" at different ratios of d and o. For
the reader’s convenience all the calculations are given in the Appendix.
Here we present the final expressions only.
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In the case when 0<d' <o, sl<d<a(l+ 1),

Foao(y)=—Q2ny) =7+ Dy, (2my)" ~7 = Dl (2my)*—*

+ 2 (=1 Cy o [2m)7 I(ak/2)] 7 (2my)et= Y
k=1

+nd/2(275 Z n=ot 4y Erl/)z d'/z(yz/nz) (2.19)
ne z4*
where
0 d*2
Coaon= nd'7”? J du ulok =402 =1 |:Ad*(u) — <—7£> — I:I (2.20)
0 7

converges for d’' <ok <d, and

I—-1 (_1)k (xt)ock} (221)

(1) _ ood x—f—1,—x E —(x)* —
vyn)= | dexte { L1 = ¥ e
Note that the last term in the right-hand side of Eq. (2.19) is ¢(y°). In the
important special case of fully finite geometry, d'=0, d* =d, by using
Egs. (2.1) and (2.21) (with f=0) and taking the limit d' >0 in DJ)_, we
obtain

7

Fuooly)= ¥ (=1 Coo ul2m)* I(ok/2)] " (2my)°% D

=D Cay) =+ (=1) y2r)y e YU+ )
rert (2.22)
From a physical point of view the given parameters of the problem are
the space dimensionality d and the interaction exponent o. If the ratio djo
is nonintegral, then the identity (2.19) is to be used with /= [d/c], where
the symbol [x] denotes the entire part of x. If d=1Jo, where I>2 is an

integer, then expression (2.19) for F,, ,(y) has to be modified in the
following way:

Fal,d’,o'(y) = - (2ny)_a + DEio’.)a(zny)d/ig + 5(1{7),d’,a(27r)/)6(1_ b
-1
+ Y (=D Cug [ (20)7* [{0k/2)] " (2my) =
—2(=1)[6(4n)°"? ['(cI/2)]~ " (2ny)°“~V In(2ny)°

+m??2r)= Ym0, pa (v ) (2.23)

ne 74"
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where the new constant DY), _ is given by

~ ro dy ,
D}:;),d’,o' - (47[)‘0-1’/2 jo ; {ua(l 1)/2 [Ea/z,g/z(‘ua/z)

-2 (_1)kuak/2
~ L Tlotkr 1)/2]]

(_1)[ u (ol—d')/2 o
") (%) LA™ = 1]} (229

Of definite interest for the finite-size scaling theory is the case d =g, which
corresponds to the lower critical dimension. In this case

Fopoy)=—Q2ny)° +D51q’)0‘(2ny)d'~a 1

o,d. o

+2[6(4n)7? I'(5/2)]~  In(2ny)”

+ Q)T N n T (VYY) (225)
neZ
where
7(1) o [ du (o
Da,d',a:_(4n) J;) 7 EU/Z,U/'Z{_u )
1 u\(@ =42 ,
“ T (;) [4°= 9 (u)— 1]} (2.26)

Note that by using identical transformations in the last two steps we
have obtained representations for the function F,, ,(») generalizing the
results of ref. 1. Our results hold for all diee[1, ), 0<0o<2, 0<d <o
Eq. (2.19) holds for I<d/o<I+1 (I=1,2,.), Eq.(2.23) for dic=1>2,
and Eq. (2.25) for dfo = 1.

The representations of the function F,, ,(y) obtained in this section
form the basis of our further investigation of finite-size effects.

3. CRITICAL FINITE-SIZE SCALING

According to the finite-size hypothesis,""*'* in a close neighborhood
of the critical temperature 7, of the infinite system, the rounding and shift-
ing of the singularities in the thermodynamic functions is controlled by the
scaled variable x =L/, where ¢, is the bulk correlation length. These
arguments have to be modified, however, in the case of ¢(n) models with
nz=2 below T., when, in the absence of symmetry-breaking fields, & = o
for all T< Tc.‘1 '8) That is why we first consider the case T> T..
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The representations of the function f,, ,(y) obtained in Section 2
[see Eqgs. (2.19), (2.23), and (2.25)] allow for a direct testing of the finite-
size scaling hypothesis**"!» for different relative values of d, d’, and o.
Denote by ¢, the solution of the finite-size equation for the spherical field
which follows from Egs. (1.5), (2.10), and (2.13),

poBIO) {1~ [H/p,J(0) §1°}
=Wao @)+ L G+ L7 F 0 §°Li27) (3.1)

and let ¢, be the solution of the corresponding bulk equation which
follows from (3.1) in the limit L — co. Define then effective correlation
lengths &, =@, " and ¢, = ¢ * for the finite and infinite systems, respec-
tively. Note that these definitions differ from the moment-based definitions
of Brezin® and Shapiro and Rudnick.’® The reason is that in the case of
long-range interactions the latter definitions fail in the bulk limit since the
second moment of the pair correlation function diverges when L — co. We
use the definition of an effective correlation length which can be motivated
by the asymptotic form of the large-distance finite-size pair correlation
function.”"? In the case of a fully finite system and short-range interactions
there is a simple correspondence between the different definitions of £, ; see
Eq. (3.7) below.

In terms of the correlation lengths, Eq. (3.1) may be rewritten in the
form (H=0)

Wl )= Wao &)=L {(EL /L) + Fyar o(L/27E,)}  (3.2)
If the finite-size hypothesis holds from (3.2), it would follow that®
$L/L=X({./L) (3.3)

with a universal scaling function X(-).
Let us consider now the different cases which correspond to different
relative magnitudes of d and o, assuming that d’' <g.

(i) d=o. This case corresponds to the lower critical dimension of
the model. The bulk thermodynamic functions exhibit essential singularities
at the critical point 7,=0. The Watson-type integral (1.7) now has the
small-§ asymptotic form?®)

W,o($) = —2[0(dn)"* I(0/2)] ' In ¢ (3.4)
and Eq. (3.2) takes the finite-size scaling form

—2[(4m)"* I'(0/2)) 7 (&, /E00) = (EL/L) + Fo 4 o(L/27E,)  (3.5)
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Equation (3.5) is equivalent to Eq. (3.3) with a scaling function depending
on ¢ and d'. When L/¢, <1, by using the leading-order behavior of
F, 4..(y) [see (2.25)], we obtain the solution of Eq.(3.5) in an explicit
form:

£u/L= (2L@n)7 [(6/2) DT (/L)Y (36)

d'.o

To compare with the results of Shapiro and Rudnick® for the case of fully
finite geometry (d'=0) and nearest neighbor interaction (o =2), we have
to take into account the relationship between their correlation length £5%
and the one accepted here, £, , namely

(ESR/LY* =const - [ 1+ (1/2=)(¢, /L) 2] (3.7)
By substituting (3.6) into (3.7), we obtain
(£3%/L)* ~const - [1—1/In(¢../L)] (3.8)
in full agreement with ref. 6.

(ii) o<d<26. In this case, when T— T} one obtains the
asymptotic expansion ??

Waol@) = W, (0)— DG g4 (3.9)
Now Eq. (3.1) becomes (H =0)
DOV L/E) ™ = (LfE o) ™= (EL/L) + Fau o(L27<, ) (3.10)

thus verifying the validity of the finite-size scaling form (3.3) with a scaling
function X(-) depending on d, d’, and ¢.

Note that the coefficient D{) in the left-hand side of Eqg.(3.10)
becomes singular when d - ¢* or d— 267, as is seen from Eq. (A.4). In
these cases, however, one should return to the initial equations (3.1) or
(3.2), respectively, and take into account the following,

(a) When d—o*, both constants W, ,(0) and DY) in Eq.(3.9)
diverge,

W, (0)=2[(4n)" I'(6/2) e]~ "+ O(1)

(3.11)
DI =2[(4m)"? I'(6/2) €]+ 0(1)

but the divergent terms cancel out and the result is

Woieol@)= =2[(4n)" [(6/2)]1 ' [In ¢+ 0(1)]+0(cIn §)  (3.12)
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The right-hand side of Eq. (3.10) is continuous in the limit d — ¢ * and the
function F,, ,(y) takes the form (2.25) in that limit. Thus, we obtain
Eq. (3.5) as the correct d » ¢+ limit of the equation for the spherical field
(3.1) at H=0.

(b) When d— 20, the bulk term again has to be reevaluated start-
ing from the qualitatively correct approximation®"

Wao(@) = Wy ,(0) =28 [ (4n)** I(df2)] "

wi e B
xjo dx x1=7 (1 + x°) (3.13)

where ¢, is the radius of the effective spherical Brillouin zone. The result is
Wag—oa(®) = Wi (0)+2[a(4n)" I'(0)] 7' §In g+ O(cln g)  (3.14)

and we are led to the consideration of the next case.

(iii) d=20. After passing to the limit d— 2¢~ in the right-hand
side of Eq. (3.2), which leads to the representation (2.23) with /=2 for the
function F, ; ,(y), and taking into account (3.14), we obtain the equation

20(4n)" 1))~ L(L/E ) In(L/E o) — (L/E,)7 In(L/E )]
—2In L[(4n)" I'(e)]1 7" L(L/EL)7 — (L/EL)]
=(EL/L) + Fguo(L/21E, ) (3.15)

The presence of the second term, proportional to In L, in the left-hand
side of Eq. (3.15) violates the finite-size scaling relationship (3.3). Instead,
following the idea of Luck,’® one may derive a modified finite-size scaling

relationship. To this end, we introduce the new variables
x=(L/¢,)(n L)VGo—)
' (3.16)
= (éL/L)(ln L)“l/(Zo'fd )

and, ignoring terms of O(lnln L/ln L), rewrite Eq. (3.15) in the form
34n)" I(e) DY) 22~ 4+ (xz)" (1 —Inx/In L) — 1 =0 (3.17)

At T# T, and large enough L the second term in the brackets may be
ignored, too, and then the relationship between the variables x and z
resembles the finite-size scaling equation (3.3). At T=T, from (3.17) we
obtain

& =[3(4n)" I'(c) D) ] V=40 L(In L)Y/o =) (3.18)
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In the particular case d' =1, =2, Eq. (3.17) was obtained in ref. 5.

(iv) d>26. In this case, when T — T,,?%
Waol @) = W,4,(0)— Wy, (0) 4 (3.19)
and Eq. (3.2) takes the form
[WiaolO) (EL7—¢2°) =L (&L /L) + L™ F g ,(L{20E,)  (3.20)
At L)¢, <1 from the representation (2.23) with /> 2 we obtain
Fopa o Lf20E ) = DR (LJE) T~ (LJE) ™" (3.21)
Introducing the variables

EL/LSZL(d—Zﬂ)/(ded')

) (3.22)
L/&oo =xL7(d~2a)/(2a-d)
and taking into account (3.21), we rewrite Eq. (3.20) in the form
DY AW, (0) T2 4 (x2)°—1=0 (3.23)

which is similar to the case d=2¢. Such a modified finite-size scaling has
been suggested in ref. 5. At T'=T, from Egs. (3.22) and (3.23) we obtain

&= [IWy(0)l/D,]H =) Lla=dV@e =) (3.24)

In the particular case o =2 the relationship (3.24) reduces to the resuits
obtained by Singh and Pathria.®?

4. FINITE-SIZE SCALING AT FIRST-ORDER
PHASE TRANSITIONS

As already mentioned, the representations obtained im Section 2 for
the function F,, ,(y) are especially advantageous when y — 0+, which is
the case of T<T,, d' <o, and L — o0, Let ol <d < o(I+1). With the use
of (2.19), taking into account that in the presence of an external magnetic
field H the magnetization per spin in the finite system is

m (T, H)=H/p,J(0) . (4.1)
we may write the equation of state [cf. Eq. (1.5)]

Wh,(8)=p, BI0) {1~ [H/p,J(0) 31’} (4.2)

822/59/5-6-23
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in the form

1 1 @ ga—of L A (d'=alje
‘ﬁ[Wd,a(a)—Wd,a(O)]"f‘“——T D, L (“')

2A° LY 24 m
L h\“—oe L7 h
_pDpd-eaf . _ ——yW®. —
4o (21/ m> A ‘“-"(2% mﬂ
=my(T)—m? (4.3)
Here
H =3p.8J0), h=pH (44)

and we have introduced the “spin-wave” scaling function”
1 k
Yfis,li _‘E Z (—1)F ) Coar akl:(zﬂ)dk (62 ):l z*=b

1 —o+d'y () 2

“5 Zn) %d‘ n-’ Uopa,d/2 (W) (4.5)
which generalizes expression (3.25) of ref. 1 to the case of real values of d’,
0 <d'<a. Note that we substitute in Eq. (4.3) the expansion”

I—1
Waol®)=Wao(0)+ 3 (1) b+ DL, G (4.6)
k=1
and finally obtain
D(O)a . 1 h (d' —o)/e
my(T) —m? =2 L (2% m>

12 RN 1 ) L° h
Y% 2 & <m> w17 Ve <21f ) (47)
where b, = (—2X4") "% b,.
At d’=0, Eq. (4.7) reduces to the asymptotic equation of state (3.26)
of ref. 1.
Note that in the case of an infinite cylinder (d' = 1), Eq. (4.7) corrects
Eq. (4.20) of ref. 1 with respect to the term

(LY~ =24 m/Lh (4.8)

The term (4.8) is the ¢ = 0 contribution of the sum (1.6) in the case of fully
finite geometry, but it should not appear in the case when the system is
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infinite in ¢’ > 0 dimensions, as follows from our representations (2.13) and
(2.17).

Taking the limit 2 — 0 in Eq. (4.7), we easily obtain for the zero-field
susceptibility below T, the leading-order result

Xo=F8 giino(m/h)=ﬁ(21”)"'/‘“*d') [m3(T) L/DG, 10 (4.9)

which at d' =1 reduces to Eq. (4.21) of ref. 1.

Finally, we note that in the L% x oo? geometry the scaled field
variable y , due to Fisher and Privman‘®’ should be generalized to take the
form (see also ref. 19)

V4= hmo(T) L4 (T, 0)
= mo(T) hLE = [ 2 mo(T)/ DY), 141~ 4 (4.10)

In terms of y, the leading-order finite-size scaling equation for the
magnetization below T, becomes*®’

m (T, H)=mo(T) ¥ (¥ 4) (4.11)
where the scaling function Y, obeys the universal equation
Y, /(1=Y2)7e~ =y /DD (4.12)

At d’ =1 this equation reduces to Eq. (4.27) of ref. 1.

b. DISCUSSION

Here we have suggested a general method for the derivation of finite-
size effects in systems with long-range power-law interactions, which also
includes as a particular case short-range interactions. To illustrate the
method, we have given the asymptotic analysis in the framework of the
mean spherical model, but it is clear that there is no difficulty in principle
in extending the ideas to the case of more complicated @(n) lattice or field
models.

We have studied systems of general LY % x oc? geometry and
arbitrary interaction decay exponent o >0, paying special attention to the
complications arising at the borderline dimensionalities. The results
obtained here shed light on the question of whether the s-expansion about
these dimensionalities is applicable or not. The problem has been discussed
with the example of the exactly solvable spherical model by a number of
authors.>*% In this case, due to the fact that the exact form of the equa-
tion for the correlation length £, is known at arbitrary temperatures 7, one
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can see that critical finite-size scaling holds only in the close neighborhood
of the critical temperature T,. The solution of the approximate finite-size
scaling equation (3.10) exhibits near the upper critical dimension a charac-
teristic singularity in ¢ » 07

(T, 0)/L =[4(4n)" (o) DY) ]~ 1/~

which has been the subject of discussion.>*® Our proposition is that this
singularity is an artifact of the approximation—the price one has to pay for
obtaining a universal finite-size scaling equation. If we retain in the equa-
tion the terms which are asymptotically negligible at a fixed dimensionality
between the borderline ones, but become singular in ¢ when the dimen-
sionality approaches the upper or lower critical one, then no e-singularity
appears in the solution, but rather the equation itself is modified, losing its
universal form, and so does the solution. For example, at the upper critical
dimensionality the ¢! singularity in the correlation length is replaced by
In L [see Eq. (3.18)].

The above considerations do not contradict, of course, the general
idea connecting the breakdown of standard finite-size scaling with the
failure of hyperscaling above the upper critical dimension. Comments on
this situation with reference to the e-expansion are given in ref. 6, but the
introduction there of the so-called soft spherical constraint, which brings
into the theory the dangerous irrelevant variable, shifts the problem out of
the framework of the mean spherical model.

The equation for the correlation length (3.2), together with the
representations of the function F,, ,(y) obtained for different relative
magnitudes of 4 and o, exhibit in a very transparent way the mathematical
mechanism of the appearance of different finite-size scaling forms, at least
in the case of the spherical model.

The representations given by Egs. (2.19), (2.23), and (2.25) lead to the
Fisher-Privman form® of the equation of state for all d > ¢ and 0<d’ <.
They also provide the natural small-y expansion of the function F, , ,(»),
which is especially important below 7. This has been demonstrated by the
expression (4.9) for the susceptibility of the mean spherical model in the
region of first-order phase transition.

The representations of the function F, ;. ,(») obtained here are useful
in the study of more complicated models, too. This function enters the
expressions for the shift of the critical temperature and the renormalization
of the interaction constant in the study of the finite-size effects in the
¢*-theory.® The same function enters the expressions for the renormalized
parameters in the dynamical finite-size scaling theory.(!317)

We note also that the suggested method can be combined with the
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Ewald summation technique used in finite-size scaling by Shapiro and
Rudnick.®® As a result, computationally superior expressions will be
obtained for systems with long-range interactions.

APPENDIX

In order to transform Egq. (2.17) into the required form, we subtract
from the function E,, ,,(—u"?y°) the first 7—1 terms (the integer I will
be defined below) of its expansion (2.2) and then add them in an
appropriate way, thus obtaining identically

Eya o) = P0m) ™ [ " a2 (4 w) 1]

£ o o2 7~ 1(_1) ok ak/2
X[ ool — YUt — ’EU m]

o s}
_nd/2(2n)—aJ‘ du u(a—d)/2~1
0

LY of2 s 1———)—‘—:]{—‘0——162
LEW/Z( yurt= X r[a(k+1)/2JJ

-1 £ ok a2
(=) y T ro (ot + D= Y21

t 2 Tlotks 1721 2or o

X [Ad*(u)_G)d*/z— 1}

(0) (2ny)d = — (2my)~° (A1)

By using the explicit form of A(x) [see Eq. (2.16)] and introducing the
function »{}(r) [see (2.21)], we can write the first term in the right-hand
side of Eq. (A.1) as

7Z:d’/ B yZ
27[)0 Z n +dl’§7‘?2d/2 <}’l ) (Az}

neZ9*

We evaluate the second integral in the right-hand side of Eq. (A.1) exactly
with the aid of the identity

ufd/lz[r(d/z)]—lfjo dttd/Z—lefur (A3)
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which leads to a term proportional to

d -1 . o0
) _— dj2 hed dj2—1 /21 —ut
Dy, [(472:) F<2>J '[ dit j duu e

0 0

a/2 & :M/z—
X [Eg,z,a/z(—“ ! )‘]EO I'lo(k+ 1)/2]]

-1 .
= I:(47r)“’/2 F<§>] f dt 1921

X l:(l + ta/Z)—l _ Iil (_1)k to‘(k+1)/2:l

k=0

=2n(—1) [(471)“'/2 r(%) o sin (d—';ijﬁ]*l =DO)  (A4)

In deriving the second of the equalities (A.4), we have used the property
(2.2) of the Mittag—Leffler function, and in deriving the third one, use has
been made of the elementary identity

(1+x)*1—Nil(—1)’<xk=(—1)NxN(1+x)—1 (A.5)
k=0

with an obvious substitution for x. Thus, we obtain for this term
(2nyy*=° DY),  d#ol, I=integer (A.6)

We write the third term in the right-hand side of Eq. (A.1) in the form

d +1 Cd,d',ak
2 0 e ok (A7)

where C, ;. i given by expression (2.20).

By using Eqgs. (A.2), (A4), and (A.17), we can cast the representation
(A1) of F,, ,(y) into the form (2.19), which is valid for 0<d’' <o,
cl<d<o(l+1).

In the case d=¢l, I>2, the expression for F,, ,(») has to be
modified in the following way.

Upon adding up the third term in the right-hand side of Eq. (2.19)
with the k=1 term of the finite sum over k= 1,..,  and the right-hand side
of the identity®

o du
n@my) =3 [ = [Epi(—u") = Epi(=yw™)] (AB)
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multiplied beforehand by the coefficient
2(—=1) [o(4n)"" I(alj2)17" (2mp)i =" (A.9)
we obtain an expression in which we may set d=ol:

© du

— Qny)eU- (4n)7a1/2f _J{uaun/z [EU/Z’G/Z(__MU/Z)
0

_l)k ok/2 (_1)1 u {cl—d'}2 i
Z r[ok+1)/2]]+r(al/2)<E> L4 (”)“1]}

=Q2ny) "=V DD, (A.10)

The newly formed constant DY) .. s finite for all ¢ >0 and d’ < o, in con-
cl.d'.o

trast with DY), _, which is singular at d — ¢ /. Subtracting next the left-hand
side of the identity (A.8) multiplied by the coefficient (A.9) and combining
with the previous results, we finally obtain Eq. (2.23) for all djo =13 2.

Our motivation for adding and subtracting the identity (A.8) is the
following. As is know, the Watson-type integral (1.7) at the borderline
dimensionality d=o¢I has a leading singularity of the form (see, e.g.,
refs. 1 and 13) d,(d,0) YV Ind. On the other hand, when y — 0 the
function F ; ,(y) must contain the same singularity as the bulk term but
with the opposite sign, in order to cancel it out and to ensure thus the
analyticity of W (). () (in the case of finite L and d’ < o there is no phase
transition).

In the case d/o = 1, which corresponds to the lower critical dimension,
the finite sum in the right-hand side of Eq. (2.23) consists of just one term
(with £ =1) and by using again the identity (A.8) with the coefficient (A.9)
at I=1, we obtain

dlim+ {Cd,d’,a [(275)6 I (%):' B - Dgf,(27ty)d“’}
=2 {a(4n)"/2 r( %)] - In(2my)°

—dm) [

]

1 (6e—d’)2 :
_F(a/2)<%> [A"'d(u)—lj} (A11)

The integral in the right-hand side of Eq. (A.11) is well defined and we may
set it to a new constant D), ; see Eq. (2.26).

du
‘; {Ea’/z,uﬂ( - ua’/2)
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